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Figure 1: Left: Rendering of the hyperbolic virtual environment Holonomy, including a mini-map in the HUD. Hyperbolic
effects are visible in the flag and the creeks partially vanishing behind the trees. Right: A player in the physical move area,

with the corresponding square tiles marked on the floor.

ABSTRACT

Holonomy is a virtual environment based on the mathematical con-
cept of hyperbolic geometry. Unlike other environments, Holonomy
allows users to seamlessly explore an infinite hyperbolic space by
physically walking. They use their body as the controller, elimi-
nating the need for teleportation or other artificial VR locomotion
methods. This paper discusses the development of Holonomy, high-
lighting the technical challenges faced and overcome during its
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creation, including rendering complex hyperbolic environments,
populating the space with objects, and implementing algorithms
for finding shortest paths in the underlying non-Euclidean geome-
try. Furthermore, we present a proof-of-concept implementation in
the form of a VR navigation game and some preliminary learning
outcomes from this implementation.
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1 INTRODUCTION

In an increasingly interconnected and digitized world, people com-
municate and interact in various ways and via multiple different
platforms. In this context, virtual environments rapidly gain im-
portance for both professional and leisurely exchanges. Recent
hardware developments like Apple’s Vision Pro seek to integrate
virtual content into the user’s physical surroundings, merging the
two in the amalgam of Spatial Computing. Similarly, the Metaverse
movement aims to integrate everyday processes within a virtual
environment. Using virtual, artificial, and mixed reality blurs the
lines between physical and virtual worlds. In the context of these
developments, we present a virtual environment based on the math-
ematical concept of hyperbolic space.

Hyperbolic geometry, a non-Euclidean geometry pioneered by
mathematicians such as Nikolai Lobachevsky and Janos Bolyai in
the 19th century, offers a fascinating alternative to the familiar
principles of Euclidean space. In hyperbolic geometry, the parallel
postulate is replaced by the concept that through a given point, an
infinite number of lines can be drawn parallel to a given line, leading
to properties such as space being negatively curved and exhibiting
unique geometrical constructions. Understanding and visualizing
hyperbolic geometry can be challenging due to its abstract nature
and departure from our intuitive understanding of space. How-
ever, the unique geometric properties of hyperbolic spaces provide
creative opportunities for creating new virtual environments.

Hyperbolic spaces have been used very successfully, specifically
regarding data representation. For example, it is possible to embed
hierarchical structures like trees into two-dimensional hyperbolic
space with arbitrarily low distortion [Sarkar 2011]. By this property,
previous works have successfully embedded social networks [Ver-
beek and Suri 2014] or the Internet [Boguna et al. 2010] into hy-
perbolic space. This usage as an exploration space for virtual data
further motivates our creation of a new virtual environment based
on hyperbolic spaces.

The advent of virtual reality (VR) technology has opened up
new avenues for exploring and experiencing hyperbolic geome-
try in immersive and interactive ways. VR provides a platform
where users can not only passively observe hyperbolic spaces but
actively engage with and navigate through them. We apply spe-
cific terminology in the following discussion on navigating VR and
throughout the paper. The physical space is the real-world space
the user occupies and where they perform their movements, see
Figure 1, right. In contrast, the virtual space refers to the virtual envi-
ronment in which the user is immersed, the virtual world rendered
via the VR headset, see Figure 1, left. Within the physical space, the
user has a dedicated move area: ideally, a square shape, physically
unobstructed free space, indicated on the floor in Figure 1, right.
As the user moves through this area physically, we refer to it as
walking. Every walking motion will be translated into movement
in the virtual environment. Those parts of the virtual environment
shown to the user will be called accessible, while hidden areas are
inaccessible.
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There are several ways of allowing users to navigate through the
virtual environment. One option is to allow them to walk within
the move area. The benefit of this method is the intuitive under-
standing and freedom of movement. This method is not without
flaws, as it either requires expensive equipment—such as special-
ized treadmills [Iwata 1999] or a CAVE® [Razzaque et al. 2002]—or
the use of redirected walking techniques in a large move area [Fan
et al. 2022] to give users the required freedom of movement. Aside
from the user’s walking, the most common way is some form of
controller input to glide or teleport the user, which in turn can cre-
ate VR sickness [Monteiro et al. 2021]. The benefit of this method
is that it requires only a minuscule move area to work. However,
it reduces the feeling of presence and thus immersion within a
virtual environment [Clifton and Palmisano 2020]. In contrast, the
virtual environment presented in this paper provides an infinitely
explorable space that can be traversed solely by walking in a rela-
tively small move area without additional hardware requirements.

Creating a virtual environment for VR comes with its own set
of crucial technical challenges compared to a 3D environment
explored via a display. The virtual environment must perform
at a stable high frame rate, high resolution, and very low input
latency [Wang et al. 2023]. To achieve this on widely available
consumer-level hardware implies a sacrifice in visual quality, paired
with a lower capacity for overall scene complexity. This is an addi-
tional challenge in a virtual space based on hyperbolic geometry,
as classical rendering techniques, pipelines, and hardware are opti-
mized for processing Euclidean scenes. The same holds for repre-
sentations of the environment and their object population, as well
as navigational cues for the user, for instance via the display of the
shortest path to a point of interest. In this paper, we tackle these
challenges and offer some solutions. Note that while we developed
VR first, our environment does not exclude other modes of explo-
ration. Users can also explore the environment with a traditional
screen and controller setup.

In summary, this paper introduces Holonomy, a new virtual en-
vironment based on principles of hyperbolic geometry. We discuss
its development choices, technical challenges, and potential ap-
plications. Through the fusion of hyperbolic geometry and VR
technology, Holonomy offers a novel approach to virtual explo-
ration in non-Euclidean spaces. The specific contributions of this
work are:

e A virtual environment, based on the mathematical concept
of hyperbolic spaces, Section 4.

e Potentially infinite exploring of a virtual world solely by
physically walking in a move area, without the need for
teleportation or other artificial locomotion, Section 4.

o Efficient rendering techniques for the virtual environment
to maintain high frame rates suitable for VR, Section 5.2.

o Adaptation of a wave function collapse algorithm to populate
the virtual environment, Section 5.3.

o Adjustment of shortest path algorithms for user guidance in
navigating the environment, Section 5.4.

o A proof-of-concept implementation of our environment as a
VR navigation game, Section 6.

We see two immediate applications of our work. First, the interac-
tive teaching of aspects of hyperbolic geometry. Second, usage of
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Figure 2: Aline ! and several parallels to ! through a point %
in di erent models of the hyperbolic plane. Left: Beltrami-
Klein model in a disk, straight hyperbolic lines remain
straight; Center: Poincaré disk model, straight hyperbolic
lines become curved; Right: Poincaré half-plane model,
straight hyperbolic lines are either vertical or half cir-
cles, but angles are kept intact. Reproduced with permis-

ion [Skrodzki 2021].
sion [Skrodzki ] Figure 3: The spanning tree of the graph. Nodes represent the

hyperbolic squares underneath. Labels indicate the indices

the system for the presentation of unique navigational challenges, of the nodes.

for instance, within cognition studies. We will elaborate on these

applications in Section 7.
plane are the foundation for the following discussion. For a more

2 BACKGROUND general introduction to hyperbolic tilings, see [Conway et aD08].
Note that a hyperbolic space is a homogeneous space with con-

stant negative curvature. This property is exhibited for instance in

the fact that the sum of angles of a triangle is less thE80degrees.

Another way to express this fact via tilings is to count the number

of tiles that meet at a vertex. Consider an ordinary bathroom tiling

of square tiles, see Figure 8, left. Here, four squares meet at a vertex,

Before discussing our virtual environment, we set the stage by
introducing some necessary background. First, we cover basic no-
tions of hyperbolic geometry, highlighting the notable di erence to
Euclidean geometry that through a given poifto a given line !,
there are in nitely many lines that do not intersect, see Figure 2.

Second, we introduce the notion offgyperbolic tiling which will o . :
provide the main mode of connection between the user's move area giving an angle sum o860degrees. In a corresponding hyperbolic
and the virtual environment square tiling, more than four squares can meet, see Figure 8, right,

for an example of ve squares meeting.

2.1 Visualizing Hyperbolic geometry Having more than_four squares meet at a point er_1ab|es the e ect

) ) o of Holonomyafter which our project is named by which a closed
Various visualization models have been developed to help concep- gircylar walk in the physical space causes a rotation or displace-
tualize hyperbolic space. The Beltrami-Klein model, for instance, ment in the hyperbolic virtual space. This was rst presented as a
renders the hyperbolic plane into a disk in Euclidean space, see phenomenon in VR by Henry Segermbas follows: A user walks
Figure 2, left. It maps straight hyperbolic lines to straightlinesin = ;, 22 2 Euclidean square grid, marked on the oor of their move
the model but distorts their angles. The namesakes are Eugenio Bel- 5ra5 Here they have to take a step and perform a 90-degree left
trami and Felix Klein. Another common approach is the Poincaré i exactly four times to return to the square where and orienta-
disk model, named after the French mathematician Henri Poincaré. tian in which they started, see Figure 4, top row. Simultaneously.
In this model, hyperbolic space is again represented within a EU- hey see themselves navigating a hyperbolic square tiling in VR
clidean disk but stralght hyperbolic lines are rendered as circular i ve squares meeting at a vertex. That is, after four consecutive
arcs orthogonal to the disk's boundary, see Figure 2, center. Another steps and turns, they are not yet back to the starting square, see Fig-
visualization model is the Poincaré half-plane model, which utilizes ;e 4 pottom row. It takes them another step and a 90-degree turn
the entire upper half of the Euclidean plane to map the hyperbolic 4 retyrn to their virtual starting position, causing a discrepancy
plane. It renders straight hyperbolic lines as vertical lines or half  eyeen their physical and virtual presence. This discrepancy will
circles while preserving angles, see Figure 2, right. All three models 4oy for an in nite exploration within our virtual environment

o er distinct perspectives on hyperbolic geometry, aiding compre- solely based on the user walking within their move area.
hension and study of its unique properties and structures [Kinsey

et al. 2011, Chapter 3.6].

Maurits Cornelis Escher, the renowned Dutch artist, played a
pivotal role in popularizing the Poincaré disk model through his
iconic Circle Limitseries. Inspired by a diagram, which the British
mathematician Donald Coxeter used in a 1957 mathematical paper
on hyperbolic geometry [Coxeter 1957], Escher created intricate
woodcut prints depicting tessellations of hyperbolic space, where
angels, demons, and other gures form repeating patterns that |l
the entire plane. Tesselations, also called tilings, of the hyperbolic 1See the corresponding video https://www.youtube.com/watch?v=ztsiOCLxmjw.

2.2 Representing hyperbolic tilings

In our virtual environment, we will focus on the hyperbolic tiling
where ve squares meet at any vertex. See Section 4 for reasoning
regarding this design choice. This hyperbolic tiling has to be rep-
resented by a suitable data structure. This is a vital design choice
because it immediately determines the di culty of implementing
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Figure 4: Top row: A user moving their body through a physical 2 2Euclidean square grid. Bottom row: The movements are
mapped to a square tiling in the hyperbolic plane, with ve squares meeting at a vertex. Reproduced with permission [Jochems
2023].

other features such as a map of the environment. The representa- The second algorithm normalizes an invalid sequence of steps
tion used throughout this paper has been presented in previous into a valid one, by switching to a di erent branch of the tree
work [Celinska-Kopczynska and Kopczynski 2021] and we give a if necessary. The normalization algorithm applies the following

brief overview here. transformations:

First, note that the tiling can be reduced to a graph representation
with each square represented by a node, and two nodes connected fGeAQAf ACe;or
if their squares are adjacent. A spanning tree can be built on this fGeiag | f ;1P Ap

graph, see Figure 3. As the tree structure guarantees a unique short-
est path to any node, this allows an indexing of the nodes and fGHA B Al f AG- f50-0

thus easy access to a square via the index of its node. A discrete fGe#5g=ig ! f [ 2CfA B2 Ay

representation like this is preferred, because numeric coordinate

representation in one of the two-dimensional hyperbolic models of where AQ rotates the previous step, either branch or direction,
Figure 2 introduces numeric precision issues. to the right, and; 1@ is a rotation to the left. This normalization

Following [Celinska-Kopczynska and Kopczynski 2021], the rep- ensures that the sequence of steps corresponds to a connected
resentation of a step sequence is as follows: squares are rstindexed and unique series of edges of the spanning tree, starting at the
by a choice of branch from the starting point: North, West, South, point of origin. It allows for instance the population of the virtual
or East. This is followed by a series of directions: Forward, Left, environment, see Section 5.
or Right. Here, moving backward corresponds to deleting the last
step, see Figure 3. As no shortest path includes a backward step 3 RELATED WORK
and the squares are indexed by their respective shortest path, we
exclude a speci ¢ backward step. However, this means, that the
rst step needs a di erent representation since there are four valid
directions of movement from the origin rather than three for all
subsequent steps.

In building the data structure, two algorithms are used to ensure
that the sequence of steps remains unique. For instance, taking a
right step from the node#Ain Figure 3 will switch to the branch
and collapse the invalid inde# AAto the valid index ; , indicated
in the gure by a small red arrow.

The rst algorithm determines whether a step is valid. That is, it
decides whether a step stays on the current branch of the spanning
tree rather than moving to a di erent branch. This decision works
as follows. A forward step is always valid. A right step is invalid
if and only if the previous step was also a right step. A left step is
invalid if and only if there is no right step between it and the last
left step.

Virtual environments including hyperbolic spaces have been in-
cluded in a few previous works, see Figure 5. Those are set in
two-dimensional hyperbolic spadd?, three-dimensional hyper-
bolic spac€H3, or a combinatiorH2 E, where the oor is a two-
dimensional hyperbolic space and the height-dimension is regular
Euclidean. Skrodzki [Skrodzki 2021] provides a general review of
illustrations of non-Euclidean geometry in VR.

HyperRogues a game set on the hyperbolic plane [Kopczy«ski
et al 2017]. The player is shown a top-down view of the game
world, rendered using the Poincaré disk model, see Figure 5(a). It
is a rogue-like, turn-based game in which the player moves the
character from one tile to a neighboring tile every turn or executes
an attack on an adjacent tilédyperRogugives the player an idea
of what it is like to navigate tilings of the hyperbolic plane. While
a VR mode foHyperRoguexists usingH? E, it only allows for
teleportation as a locomotion technique. This keeps the user static
and does not use the move area to connect physical and virtual
space.
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